The stratification of entropy and the stratification of angular momentum are closely analogous. In this paper, we pursue this analogy and some of its consequences. Of particular interest is the behavior of disks in which angular momentum transport is controlled by convection, and heat transport by dynamical turbulence. In both instances we argue that the transport will proceed "backwards" relative to the sense one would expect from a simple diffusion approach. Reversed angular momentum transport has already been seen in computational simulations; reversed heat transport has not been so investigated, but should be numerically accessible as well. The common belief is that accretion disk vertical heat transport is aided by shear turbulence. To the extent that shear turbulence does anything with heat transport, the opposite is likely to be true. These arguments also bear on the observed nonlinearly local stability of Keplerian disks: locally generated turbulence in such a disk would require simultaneous inward and outward angular momentum transport, which is of course impossible. A diffusive instability is described which is analogous to the disk magnetorotational instability. It affects thermal layers when Coulomb conduction and a weak magnetic field are present. The field must be sufficiently weak that it has no dynamical consequences, and the plasma sufficiently dilute that heat is channeled only along field lines, the sole role of magnetism in this problem. The criterion for convective instability goes from one of an outwardly decreasing entropy to outwardly decreasing temperature. The maximum growth rate is of order the sound crossing time over a characteristic scale height, independent of the magnetic field or thermal conductivity. The indifference of the growth rate to the details of the conduction process, its simple dynamical scaling, and the replacement in the stability criterion of a conserved quantity gradient by a free energy gradient are properties similar to those exhibited by the magnetorotational instability in an accretion disk context.
Introduction
Although one normally associates the turbulent transport of heat with thermal convection, and the turbulent transport of (angular) momentum with shear instabilities, they are sometimes called upon to interchange roles. One would like to know, for example, how convection couples to solar rotation, or whether MHD accretion disk turbulence can transport heat vertically. Is convection really a turbulent viscosity, and is shear turbulence an enhanced thermal diffusivity? In what sense is turbulence compelled by irreversible thermodynamics to transport from hot to cold and from fast to slow? In the course of this paper, we will see that great care is needed when trying to answer questions, and that nothing can be taken for granted.
We shall make frequent use of a very deep analogy between angular momentum and entropy stratification. That there is a close mathematical correspondence between the Taylor-Couette and Rayleigh-Bénard problems was noted seven decades ago by Jeffreys (1928) . Here, we will show that this correspondence is much more than a curiosity, that it is a powerful conceptual tool. It leads to general, simple, but often highly counterintuitive predictions. When conclusions overlap with the results of detailed numerical simulations, there is complete agreement, including the nontrivial finding of inward angular momentum transport in convectively stable disks. Often several different lines argument point to the same conclusion, lending confidence to the result. Furthermore, the new results presented here should be verifiable by numerical simulation.
Our findings may be succinctly summarized. Unmagnetized, isolated Keplerian disks are nonlinearly stable, and convection driven by differential rotation in such an isolated disk cannot be sustained as a matter of thermodynamic principle. Externally driven convection must transport angular momentum, if it transports it at all, from greater to less angular momentum regions, viz., inward in an accretion disk. Nonthermal turbulence (e.g., the magnetorotational instability) must drive heat from regions of greater to lesser entropy, viz., vertically downwards in a convectively stable accretion disk. (Actually, this is true providing the microscopic thermal conductivity is collisional, and is not affected by the magnetic field. The reason for this caveat will become clear shortly.) Both of the inward transport results are counter to prevailing orthodoxy, but are easily testable. As noted, inward angular momentum transport has in fact already been seen, and is not a new result (Stone & Balbus 1996) .
In addition to strongly supporting the nonlinear stability of hydrodynamical Keplerian disks (and less surprisingly, stratified thermal layers), our analogy suggests, and we explicitly verify, the existence of a new, powerful weak magnetic field instability. It is associated with an entropy-stratified layer. The instability is diffusive, but operates on the same principle as the magnetorotational instability: using a magnetic field to access the source of free energy in an otherwise stablely stratified fluid. The maximum growth rate is independent of the thermal diffusivity or the strength of the magnetic field, provided the latter is weak enough that all macroscopic tension forces are negligible. As with our other results, investigation of the instability should be numerically possible. This paper is organized as follows. In § 2, we present a detailed comparison of the behavior of thermal layers and disks, from many vantage points. Inertial and internal waves, variational methods, statistical correlation tensors, and simple physical calculations are presented for both systems and analogous behavior is emphasized. The key conclusions are that angular momentum will tend to flow from the outer to the inner regions of an unmagnetized convectively unstable disk, and that heat will tend to flow from the upper to the lower regions of a convectively stable but mechanically agitated thermal layer. The physical cause for this nonintuitive behavior is explained. In § 3, we continue to press our analogy by presenting a diffusive instability in thermal layers that works on principles similar to the magnetorotational instability. Finally § 4 summarizes our findings.
Angular Momentum and Entropy Stratification

Linear Waves
For ease of future reference, and to motivate further the analogy, we review broad evolutionary aspects of disks and stratified systems.
Consider a rotating thin Keplerian disk in standard cylindrical coordinates, R, φ, z. The angular velocity Ω is taken to be constant on cylinders, Ω = Ω(R), and the equilibrium state of our system is axisymmetric. Radial pressure and density gradients may be ignored compared with vertical gradients. WKB axisymmetric disturbances of the form exp(ik R R + ik z z − iωt) satisfy the dispersion relation
where
(e.g., Goldreich & Schubert 1967) . The quantity N 2 is the Brunt-Väisälä frequency for buoyant oscillations; κ 2 is the epicyclic frequency for departures from a circular orbit. Note the fully symmetric roles of entropy and angular momentum stratification. Both provide powerful stabilizing restoring forces which generate transverse waves. Either gradient alone is sufficient for wavelike behavior, but the simultaneous presence of both types of restoring force does not result in two different wave modes, the same branch accommodates the buoyant effects of both forms of stratification. Traditionally, waves resulting from the entropy gradients are referred to as internal waves (or gravity waves, or internal gravity waves), while those resulting from the angular momentum gradient are referred to as inertial waves. In fact, the distinction becomes meaningless when both gradients are present.
Although the entropy and angular momentum gradients are responsible for the restoring force of fluid displacements, neither gradient is a source of free energy. That role belongs to the angular velocity and temperature gradients. The fact that different gradients are involved in providing a restoring force and in releasing free energy has lead to great controversy on the possible role of nonlinear perturbations releasing free energy in a disk. The idea is that although linear disturbances are wavelike, the vast reservoir of untapped free energy may be exquisitely sensitive to nonlinear perturbations. In spite of the similarities of entropy-stratified and angular momentum-stratified fluids, only the latter seem to have attracted interest as a candidate for nonlinear breakdown. One does not hear claims that internal gravity waves in a stratified layer will become unstable at small enough thermal diffusivities (Taylor numbers) for any upwardly decreasing entropy gradient. But claims for high Reynolds number nonlinear shear instabilities, the inertial wave equivalent, go back at least half a century (von Weiszäcker 1948) , and the issue is still being debated (Richard & Zahn 1999) . This is quite remarkable, because there is certainly no laboratory evidence such instabilities exist, and there is a considerable body of high resolution numerical simulations that suggest they don't (Hawley, Balbus, & Winters 1999) . We will argue in this paper that there are far reaching physical reasons why such instabilities cannot exist. In this case, absence of evidence is indeed evidence of absence. The assertion that laminar differential rotation breaks down into turbulence at sufficiently high Reynolds number ignores the profoundly stabilizing influence of angular momentum stratification.
Variational Approaches
The role of angular velocity gradients and temperature gradients as sources of free energy is best seen in some simple variational results we now review.
Consider a rotating distribution of matter. Keeping the total angular momentum constant, and varying only the angular velocity Ω, when is the rotational energy a minimum? A well-known solution (Lynden-Bell & Pringle 1974 ) is a state of a uniform rotation. It is easily found by varying Ω in the integral expression
where λ is a Lagrange multiplier. Varying I in the usual way leads to
which for arbitrary δΩ requires Ω = constant. The extremum of I has no angular velocity gradient.
For the thermal problem, we seek to maximize entropy, keeping the mass and thermal energy fixed. Entropy variations are slightly more complicated than the Ω variations of our last example, because entropy depends upon two thermodynamic variables, which we take to be density ρ and pressure P . Our variational integral may be taken as
where S is the entropy per particle,
λ and µ are Lagrange multipliers, and Φ is the gravitational potential. For our current illustrative needs, it suffices to take Φ to be an imposed external potential. Varying ρ and P leads to
The coefficients of δρ and δP must vanish. Since
the vanishing of the δP coefficient gives
where m is the mean mass per particle and T is the kinetic temperature. Obviously T must be constant since µ and m are. The vanishing of the δρ coefficient gives
The entropy variation vanishes when the thermal gradient vanishes and ρ follows a Gibbs distribution.
This establishes the roles of Ω and T as sources of free energy. Interestingly, both the rotational and thermal calculations represent extrema, not necessarily an energy minimum or an entropy maximum. Nature does not always seek uniform rotation or isothermality, sometimes a system evolves toward a singular limit. In the case of a Keplerian disk, the state of minimum energy corresponds not to uniform rotation, but to all the matter at the origin, with all of its angular momentum dispersed to infinity (Lynden-Bell & Pringle 1974). There is a corresponding thermal analogue, an entropy maximum, of practical importance in the study of globular clusters (Binney & Tremaine 1987, § 8.2) : all the matter settles into the origin, with all of its entropy dispersed to infinity. In both singular examples, energy is liberated by the free energy gradients.
Turbulent Angular Momentum Transport in a Disk
The Necessity of Outward Transport
The production of entropy by disk turbulence occurs if the stress tensor T Rφ ≡ ρu R u φ is positive, i.e., if the angular momentum flux is outward. (The angle brackets denote a local spatial average of the fluctuations.) This is a sensible result, since the inward drift of mass, which releases (half) the orbital binding energy to be radiated, is possible only if the material sheds its angular momentum. If the mass is goes in, the angular momentum needs to go out. We may read this result directly from the energy equation (61) of Balbus & Hawley 1998 :
where E is the energy density
F rad is the radiative flux, and u is the velocity in excess of the local Keplerian value. If we integrate over the volume of the disk, we obtain
the radiated energy is positive, and therefore so must be the (shear weighted) volume integral of T Rφ . The difficulty comes in reconciling this requirement with the transport properties of Rayleigh-stable (hereafter R-stable) disks.
Phenomenology
Fig.
[1] shows a schematic plot of Ω(R) for an R-unstable disk. The points labeled A and B are fluid elements at two different radii, say R A and R B , R A < R B . The dotted lines are the two curves of constant angular momentum that pass through A and B. The process of turbulent angular momentum transport involves mixing of the two elements at some intermediate radius R I , and two new elements emerging with a different allocation of angular momentum. The points A ′ and B ′ represent the elements at the time just before their interaction. Since it is only this interaction which causes a loss (or gain) of specific angular momentum, the movements from A to A ′ and from B to B ′ are along curves of constant angular momentum. In this case, these curves are less steep than the Ω(R) curve for the disk, since Ω(R) corresponds to an outwardly decreasing angular momentum profile. We denote the value of Ω at the diagram point A as Ω A , and similarly for the points B, A ′ , B ′ . Note that Ω A > Ω B and Ω A ′ > Ω B ′ ; the last two symbols represent the angular velocities of the displaced fluid elements just before mixing. We show below that the exchange is irreversible in the sense that entropy is increased: the interaction conserves angular momentum but not mechanical energy, some fraction of which must be lost as heat. This is consistent with the requirement expressed in equation (12).
In fig. [2], we illustrate the same problem for a Rayleigh-stable (hereafter R-stable) disk. Now the constant angular momentum curves are steeper than the actual Ω(R) disk curve, which we have suggestively labeled Ω Kep . Notice that the "topology" of the curve has changed completely. Although Ω A > Ω B as before, we now have Ω A ′ < Ω B ′ . This has dramatic consequences.
Denote the post-interaction angular velocities with an asterisk: Ω * A ′ , Ω * B ′ . The actual post-interaction identities of the fluid elements are not important-the elements can mix to any degree. But the A and B labels will always refer to the interior and exterior element respectively. Angular momentum conservation gives
If a fraction 0 < ǫ ≪ 1 of the kinetic energy is lost in the exchange, energy conservation gives
We calculate to first order in ǫ, at which level any net mass transport may be ignored. Equations (13) and (14) yield to leading order
In an R-unstable disk, Ω B ′ < Ω A ′ , and since ǫ > 0 we arrive at a very sensible result, Ω * A ′ < Ω A ′ , angular momentum flows outward. But for an R-stable disk, Ω B ′ > Ω A ′ , and equation (15) says something remarkable. We must have Ω * A ′ > Ω A ′ . In other words, angular momentum flows inward! This can be made more intuitive if we think in terms of rings. Ring A is initially at a smaller radius than ring B, hence it rotates more rapidly. In an R-unstable disk, ring A has more angular momentum than ring B; in an R-stable disk, the reverse is true. Now let A move out and B move in. They exchange angular momentum at some intermediate radius.
As before, we denote the rings location just at the point of interaction with a prime ( ′ ). In the R-unstable case, A ′ must be rotating more rapidly than B ′ , since it has more angular momentum at the same location. Hence, the ring mixing must cause outward angular momentum transport, in accord with common sense and Taylor-Couette experiments. In an R-stable disk, however, A ′ rotates more slowly than B ′ , since it retains a smaller angular momentum. The turbulence in an R-stable disk, by this argument, transports angular momentum of the rings inwards. This is a counterintuitive but inescapable conclusion. It is also a finding completely in accord with numerical findings (Kley, Papaloizou, & Lin 1993 , Stone & Balbus 1996 , Cabot 1996 . In retrospect, the ideal test of the inward transport prediction may be found in the numerical simulations of convective disk turbulence. In these studies, there is no mechanical forcing of the turbulence which might give rise to some kind of external torque. The turbulence is thermally driven by heating from below. (We will very shortly argue that it is thermodynamically impossible for convective turbulence to be self-sustaining; as a matter of principle, it cannot run off the differential rotation.) All of our above reasoning applies directly to the numerical simulations. And indeed, simulations not using a large explicit viscosity do show inward transport of angular momentum (e.g., Stone & Balbus 1996, fig. [2] ). This can hardly be ascribed to diffusive numerics. Going to finer numerical resolution will not turn the angular momentum flux around; if anything, it will make it "worse" (i.e., greater in magnitude in the inward direction), as any small residual numerical diffusion is eliminated.
Statistical Argument
The azimuthal equation of motion for the u velocity fluctuations is (Balbus & Hawley 1998) ∂ ∂t
where the angular brackets denote local averages, and η V is the dynamical viscosity. To maintain the u φ fluctuations, we require a source term on the right hand side of this equation. The inward transport argument of the previous section is evinced by the first source term on the right hand side of equation (17). The second, pressure, term, could in principle torque fluid elements so that specific angular momentum conservation is violated. But clearly, if the first is the larger of the terms, inward transport is unavoidable: the angular momentum gradient would be the dominant source of fluctuations. Let us compare the relative sizes of these terms.
We assume that the correlation ρu R u φ is not so small that it is third order or smaller in the velocities; i.e., it is of order ρu 2 where u 2 is a typical rms value of a component of the velocity. Then κ
But P ∼ ρu 2 for incompressible turbulence (e.g. Tennekes & Lumley 1972). The pressure gradient will be dominated by the largest scales if the power spectrum of u 2 falls of most rapidly than k −1 , which is certainly satisfied for Kolmogorov-like spectra. We take therefore,
where H is the vertical scale height. (For our purposes this is somewhat conservative; the largest scales in the azimuthal direction may in fact be many vertical scale heights.) In terms of the sound speed c S , H ∼ c S /Ω. Therefore,
The pressure correlation term is competitive with the angular momentum term to the extent that u φ ∼ c S . This suggests (though it does not rigorously prove) that the pressure term will not dominate the dynamics. Sonic turbulence is not easily maintained, and growth of u φ amplitudes would not possible at all if the transport were outward and u φ evolved from a smaller, subsonic phase. The results of numerical simulations indicate the pressure term is indeed smaller than the epicyclic term, although it is not tiny in comparison (Stone & Balbus 1996) . The ratio of u φ /c S appears to be a reasonable estimate.
An immediate corollary of these arguments is that Keplerian disks cannot be locally unstable to nonlinear perturbations. For we have just argued that such disturbances must result in inward transport of angular momentum in any R-stable disk. But equation (12) shows that turbulent dissipation must be accompanied by outward angular momentum transport. The transport cannot be both inward and outward. Therefore, turbulence cannot be sustained. The same conclusion must apply to convection in an isolated disk. It is impossible to self-consistently run a convective engine off of the differential rotation of the disk, since we would once again be led to the contradictory conclusion that the transport must be simultaneously inward and outward. But if we externally heat the disk at the midplane, equation (12) no longer holds, and inward transport becomes a self-consistent choice, one that is indeed evinced in numerical experiments. On the other hand, turbulent dissipative heating from Keplerian shear should never be seen in numerical simulations, whether or not an explicit viscosity is included.
Holes in the Argument?
These are sweeping conclusions, and one should probe very carefully the reasoning that leads to them. Are there holes in the argument?
One possibility is that the approach is fundamentally flawed: the essence of the turbulent transport simply cannot be modeled by looking at the interaction of fluid elements. This seems too extreme. Not only does the line of discussion lead to sensible results in R-unstable disks, it also leads to a surprising, nonintuitive conclusion which has been unambiguously confirmed: driven convection makes angular momentum transport flow inwards, down the angular momentum gradient. It is difficult to accept this is just an accident. In fact, in the following section, we follow up this line of reasoning to make a prediction for the outcome of numerical experiments not yet done.
If one accepts the picture of interacting elements, there is only one way our conclusion of inward transport, based on fig. [2] , can be avoided: in the absence of all nonlinear interactions, somehow element A must acquire and element B must lose so much angular momentum, that A winds up with more angular momentum than B at the instant before they meet. This is indeed a "hole" in the argument. It amounts to linear transport of angular momentum; it is the way the linear magnetorotational instability works! Avoiding inward transport is tantamount to the presense of a linear instability. If we assume there are no such instabilities, if we assume that transport of angular momentum is the outcome of nonlinear interactions, we cannot avoid the implications of figs.
[1] and [2].
Turbulent Heat Transport in a Stratified Layer
Phenomenology
The argument applied to the analogous problem in an entropy-stratified layer runs along very similar lines. In figs. [3] and [4], we show two temperature profiles, denoted T L (z). Fig. [3] is convectively unstable (C-unstable), and fig. [4] is convectively stable (C-stable). The dotted lines are adiabats; they show T (z) for an adiabatic equation of state for the pressure profile of the layer. In other words, they are the curves followed by adiabatically displaced fluid elements in pressure equilibrium with their surroundings. If we interchange entropy for angular momentum, and temperature for angular velocity, the topology of the C-curves is exactly the same as the R-curves of § 2.3. In fact, the graphs were drawn simply by replacing labels.
Consider the two fluid elements A and B shown in figs. [3] and [4].
A is initially hotter and lower than B. The elements meet at the same location Z I at the points A ′ and B ′ , mixing and exchanging heat, and separating. In the C-unstable case shown in fig. [3] , at the instant before mixing, A ′ is hotter than B ′ . But for the C-stable case of fig. [4] , even though A started out hotter than B, A ′ is cooler than B ′ : it has less entropy at the same pressure. Whereas the C-unstable layer will transfer heat upwards, the C-stable layer, if turbulent for some reason, will transfer heat downwards.
This has an immediate important consequence: there is no vertically upward turbulent heat transport in a stablely stratified accretion disk, regardless of the level of turbulence. The presence of magnetic fields does not affect this conclusion, which is based solely on thermodynamic arguments. Non-turbulent transport (e.g. waves), or highly compressive processes (e.g. shocks), need not be restricted in this way. But standard diffusive "mixing-length" transport theory certainly is.
Let us consider the mixing more quantitatively. The temperatures of the elements will be denoted as T A ′ , T * A ′ , etc., following the labeling convention of § 2.3. Thermal energy is conserved in the exchange,
(21) Since the exchange increases entropy,
If we assume ǫ ≪ 1, this states more simply
Solving to first order in ǫ for the temperature difference T *
If T A ′ > T B ′ , as in the C-unstable layer, then T * A ′ < T A ′ , and heat flows upward, as it should. But in a C-stable layer, T A ′ < T B ′ , and therefore T * A ′ > T A ′ , and heat flows downwards. In either case, heat flows from the hot element to the cooler, of course. But adiabatic changes (expansion and compression) put the hot element on top in a C-stable disk, even if the element is initially cooler than the bottom dweller! Notice how different turbulent heat diffusion is from the diffusion of a passive contaminant, to which it is sometimes compared. Increasing the rate of upward heat diffusion in a stablely stratified gas layer is not just a matter of agitation, any more than outward angular momentum transport in a disk is a matter of heating the midplane.
Statistical Argument
There is a simple fluid statistical argument to support the diagram analysis and the fluid element mixing argument. In the presence of thermal conduction, the internal energy equation of an ideal gas may be written
where χ is the effective thermal conductivity. We shall assume that the temperature fluctuations in the gas θ ≡ δ ln T are much larger than the pressure fluctuations,
but not so large that the background entropy gradient becomes ill-defined, i.e., θ ≪ 1. Take the fluctuating component of eq. (25), multiply by θ, and average. Under these assumptions, the temperature fluctuation equation becomes
where the term on the right has been integrated by parts and the pure divergence assumed to be small upon averaging. To maintain the temperature fluctuations at a finite level, one must have θu ·∇ ln T P −2/5 < 0,
i.e., in a C-stable gas layer, the u z θ correlation must be negative. This is a statement of downward turbulent heat transport.
Weak Field Instability of an Entropy Stratified Layer
One apparent asymmetry in the entropy ↔ angular momentum analogy is the existence of the magnetorotational instability. A weak magnetic field turns an R-stable disk into a morass of turbulence if the angular velocity (not the angular momentum) decreases outward (Balbus & Hawley 1991) . Is there anything analogous in an entropy stratified layer?
It is helpful to recall the spring model of the magnetorotational instability. A weak magnetic field acts as a spring-like couple between an inner and outer fluid element. Angular momentum flows from the inner to the outer, causing them to separate. But the increased separation raises the spring tension and the attendant torque, resulting in a yet greater angular momentum transfer, so there is a runaway.
Return now to the thermal layer. Substitute entropy for angular momentum. We need to have a mechanism that causes entropy to flow from a lower to higher element. The lower element cools and sinks, the upper element heats and rises. The difficulty is that we now require that the rate at which entropy flows between the elements to increase as the element separation increases. What entropy transport mechanism could possibly behave this way?
Consider a stratified plasma layer, with an upwardly decreasing temperature profile, dT /dz < 0. All fluid variable depend only upon z. There is a finite Coulomb conductivity in the plasma, and an ultraweak uniform magnetic field B pointing in the x direction. The magnetic field has no dynamical effect whatsoever, either upon the equilibrium state, or upon any imposed perturbations. It has only one purpose in this problem: it channels heat along the field lines. The field is ultraweak, but not quite so weak that cross field thermal conductivity is important. The Larmor ion radius, which is about (T /B) 1/2 cm (T is Kelvin, B in Gauss), is still assumed to be tiny. Finally, in what follows, we assume that the resistivity is small compared with the thermal diffusivity, as would be the case for a hot, dilute plasma.
Letb be a unit vector in the magnetic field direction. The heat flux due to the temperature gradient ∇T is
where χ is the Coulomb conductivity (e.g., Spitzer 1962). In the equilibrium state, Q vanishes. To linear order, perturbations (δ notation) introduce a heat flux
(The term in δχ is higher order in a WKB analysis.) The basic equations needed for our analysis are the z components of the equation of motion and the induction equation, and the entropy equation. We consider plane wave perturbations of the form exp(σt + ikx). Only a z velocity perturbation is present (δv z ), and δP must also vanish. The linearized form of the dynamical, induction, and entropy equations are
We also have
where e z is a unit vector in the z direction, and
since δP = 0. Finally, let us denote χ ′ = (2χ/3P ). Then, combining the equations (33), (32), (30), (34), and (35) leads to
Substituting for δv z from equation (31) and simplifying, we arrive at the dispersion relation,
where the Brunt-Väisälä frequency N 2 is given in equation (2).
The instability is easy to spot. The solution to equation (37) for very small σ is
which is real and positive when the entropy gradient and the temperature gradient have opposite signs. This is nicely in accord with the physical description put forth in the beginning of this section, which depended precisely on this arrangement of the gradients. Notice the very important point that in a C-stable medium, the criterion for stability changes from that one of entropy increasing outward, to one of temperature increasing outward. Again, we see the analogous behavior to angular momentum stratification. There, in an R-stable disk, the presence of a magnetic field changes the stability criterion by replacing angular momentum (conserved quantity) gradient with angular velocity gradient (free energy source). Here, in a C-stable, disk we replace the entropy (conserved quantity) gradient with temperature gradient (free energy source) to arrive at the correct stability criterion.
In fact, all of the omitted details of the initial description can now be filled in. The unexplained gap in our picture was how the rate of entropy transfer increases with increasing separation of the fluid elements. What happens is that as the elements separate, they take magnetic field lines with them, aligning these heat conduits more and more parallel to the background temperature gradient. Thus, as the elements separate, the effective component of the temperature gradient grows in proportion to the separation, and so therefore must the rate of entropy transfer. This is the basis of the runaway.
Using the expedient of solving for χ ′ T k 2 in terms of σ, it is straightforward to extract the maximum growth rate from the dispersion relation (37). The dominant terms become the second (quadratic) and the final (constant). The result is
Remarkably, this is independent of both the magnetic field and the thermal conductivity! An illustrative numerical example is presented in fig. [5], in which all three real branches of the dispersion relation may be seen. We have plotted σ versus χ ′ T k 2 , in units of the Brunt-Väisälä frequency. Motivated by symmetry arguments, it is tempting to advance a conjecture similar to one proposed for angular momentum stratified disks (Balbus& Hawley 1992) , which has proven robust and useful: the growth rate of equation (39) is the largest possible growth rate any instability able to tap into an outwardly decreasing temperature gradient in a C-stable disk can achieve.
For the instability to exist, there must be a range of wavelengths for which conduction dominates magnetic tension,
and similarly for buoyancy, N ≫ kv A .
(41) (Here, v A is the Alfvén velocity.) These conditions lead to
which opens up a broad wavenumber range when v A is small. The maximum growth rate is achieved at infinite k, hence in the limit v A → 0. As a practical matter the computed growth rates are at the scale of the maximum growth rate when the wavenumber is comparable to the geometric mean of the wavenumber delimiters in equation (42). The limit on the field strength implied by equation (42) is
This states that the Alfvén speed must be less than the geometric mean of the buoyant oscillation velocity and the conduction front velocity over the same length scale.
Might we take matters one step further, and look for a magnetic diffusive instability mediated by viscosity in a disk? The problem is that magnetic inhibition of a viscous stress tensor is considerably more complex than it is for a simple temperature gradient (Spitzer 1962) . In particular, there can be inhibition of transport even along a field line, if what is being transported is momentum transverse to the field line. Therefore, we shall not pursue this issue here.
Discussion
By drawing upon an analogy between the stratification of entropy and angular momentum, we have been able to link peculiar aspects of "backwards" angular momentum transport in Keplerian disks with their nonlinear stability, to make predictions of how nonconvective turbulence will transport heat, and most surprisingly, to uncover a new, powerful instability in a weakly magnetized thermal layer.
Transport in disks or thermal layers is never truly backwards, in the sense of angular momentum flowing from slower rotation to more rapid rotation, or of heat flowing from cold to hot. The second law of thermodynamics is explicitly satisfied in our picture. The behavior seems peculiar if one views turbulence as some sort of large scale kinetic theory with blobs (standing in for molecules), completely uncoupled from the constraints imposed by large scale flow structure. The key idea underlying the analysis of the direction of heat transport is that the entropy of an element is conserved as the fluid makes its excursions; this is why the turbulent heat correlation couples to the entropy gradient. Obviously this behavior cannot be captured with a kinetic theory, which can involve only gradients in molecular velocities or their rms averages.
Transport appears to be backwards in an agitated C-stable thermal layer because higher entropy outer fluid elements are hotter than the lower entropy inner fluid elements at the point where they mix together. Transport appears to be backwards in an R-stable disk subject to external thermal agitation because the higher angular momentum outer fluid elements are rotating more rapidly than the lower angular momentum fluid elements at the radius at which they mix. This is the content of fig. [1-4 ]. But in both cases, transport flows in the only direction compatible with an increase in entropy in the mixing process.
The nonlinear stability of an isolated Keplerian disk is an immediate consequence. Outward transport angular momentum is essential to the evolution of a disk (eq. [12]), but inward transport is inevitable if fluid elements exchange their angular momentum predominantly by mixing. Such disks cannot help but be stable in the absence of external heating or driving. The same reasoning excludes self-sustaining thermal convection as a source of outward angular momentum transport.
Inward angular momentum transport has been seen in simulations of Keplerian (and other) disks, the corresponding thermal behavior has not yet been searched for. In nature, one may expect both diffusive and turbulent transport to be present, and it is difficult to make predictions for the large scale vertical temperature gradient in an accretion disk. But the thermal behavior of numerical simulations is more easily controlled, and reversed heat transport is readily testable. Inward transport of heat is, of course, contrary to the current orthodoxy, which holds that the heat transport due to disk turbulence is in essence diffusion of a passive scalar.
Perhaps the most unexpected finding of the entropy-angular momentum analogy is the existence of a diffusive instability which operates in magnetized thermal layers. It relies upon heat flow restricted to magnetic lines of force and assumes resistivity is small, hence is most appropriate for dilute plasmas. The basis of the behavior of the instability is very similar to the magnetorotational instability: transport is increased between neighboring fluid elements as their separation is increased. This drives the outer element farther out and the inner element farther in. In the case of the thermal layer heat transport causes a buoyant runaway; in the magnetorotational instability, momentum transport causes a dynamical runaway. In the first case, the increasing efficacy of the transport arises from the magnetic field line conduits lining up more parallel with a large scale gradient as the displacement increases. In the second case, the increased efficacy is do to increased magnetic tension.
In this paper, we have been able to account for numerically observed phenomena (Keplerian stability, reversed angular momentum transport), made testable predictions (reversed vertical heat transport in dynamically unstable disks), and uncovered an interesting diffusive thermal instability. The astrophysical consequences of these findings will be pursued in future publications. Since A ′ has geater angular momentum than B ′ at the same location, it has greater angular velocity, and angular momentum is transferred outward. 
